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The existence of at least two inequivalent designs has been established for 
balanced incomplete block designs with parameters 
m’, 
mp-l(m@ - 1) ma - 1 
m-l 
and 
q = 3, m > 6, where m is a prime power. It is also proved that the number of 
inequivalent configurations with these parameters tends to infinity along with q. 
1. INTRODUCTION 
A balanced incomplete block design (BIBD) is an arrangement of 
u symbols in b subsets, called blocks, of k distinct symbols each (k < u) 
satisfying the condition that any two distinct symbols occur together in 
exactly h blocks. It then follows that each symbol occurs in r blocks and 
that 
vr = bk, 
A(u - 1) = r(k - 1). 
In view of these relations we will call a balanced incomplete block design 
with parameters a, b, r, k, X a (0, k, X)-configuration. 
Two (a, k, X)-configurations are said to be equivalent if one can be 
obtained from the other by a permutation of ZJ symbols, otherwise they 
are said to be inequivalent. The members of a non-empty family of (v, k, A)- 
configurations are said to be inequivalent if no two members are equivalent. 
Two (0, k, h)-configurations are said to be distinct if there is a block in 
each of them which is not in the other. The members of a non-empty 
family of (a, k, h)-configurations are said to be distinct if every two of 
them are distinct. 
It was proved by the author [2] that there are at least two inequivalent 
mg+l - 1 
( m- 1 ’ 
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for every q > 3, m > 2 and m = pn, a prime power. It was further 
proved that the number of inequivalent configurations with these param- 
eters tends to infinity along with q. The case m = 2 was considered by 
Assmus and Mattson [l]. The first two parameters of these configurations 
correspond, respectively, to the number of points and the number of 
points on a line in the projective geometry PG(q, m) of dimension q based 
on the Galois field GF(m). 
The object of this paper is to prove similar results for configurations 
whose first two parameters correspond to the number of points and the 
number of points on a line in an Euclidean geometry. To be precise, we 
prove that there are at least two inequivalent (mQ, m, l)-configurations for 
every q > 4, m > 4, and for q = 3, m > 6 where m = pn, a prime power. 
We also prove that the number of such inequivalent configurations tends 
to infinity along with q. 
2. ORTHOGONAL ARRAYS AND CONFTGURATIONS 
An arrangement of m symbols in an array with h rows and m2 columns 
is called an orthogonal array of strength two and index one if in any two 
rows all possible 2-tuples on m symbols occur exactly once. We denote 
this arrangement by [m2, h, m, 21. It is well known [5] that the existence of 
h - 2 mutually orthogonal Latin squares on m symbols is equivalent to 
the existence of a [m2, h, m, 21. It is also well known that, if m = pn, a 
prime power, then there is a complete set of m - 1 mutually orthogonal 
Latin squares of order m [6] and therefore in this case an orthogonal 
array [m2, m + 1, m, 21 exists. 
Let m = p”. Let A,(m) denote the orthogonal array [m2, m + 1, m, 21 
in its standard form constructed from the complete set of m - 1 mutually 
orthogonal Latin squares on m symbols (0, 1, 2,..., m - 1) where in each 
Latin square the first row is (0, 1,2 ,..., m - 1). We have 
oo-.. 0 .A .i2 ... jh4 
0 1 es- (m-l) 
: : : : : : : : : : : : B B . . . 1 2 B( --1) nz 
. . . . . . . . . . . . 
0 1 a** (m - 1) 
where ji is a vector with m components, each equal to i and all the Bi’s are 
Latin squares of order m in their standard form with (0, 1,2,..., m - 1) as 
the first row. This means that, in each of the columns of A,(m) 
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corresponding to those of Bi , the element i appears exactly twice whereas 
each other element occurs only once, 0 < i < m - 1. The element zero 
occurs only once in the 2nd, 3rd,..., m-th column of A,(m). Therefore the 
only column that contains zero at least twice is the first column, which has 
all its elements zero. 
Let A,(m) denote the orthogonal array [m2, m, m, 21 obtained from 
A,(m) by deleting the last row. Let &(m) denote the orthogonal array 
obtained from A,(m) by the permutation (0, i) on the symbols of A,(m), 
0 < i < m - 1. &(m) and A,(m) are distinct if i # j in the sense that 
each contains a column treated as a m-tuple which is not in the other. 
Let m = p”. Let S(v) be a set of v symbols. Let S(mv) be the set of mu 
symbols (wO , utl ,..., w,-,) where w  runs through S(v). If a (v, m, l)- 
configuration on S(v) exists let (w, x, JJ,...) be a block in it. Then the m2 
blocks with symbols from S(mv) that we get by adjoining as suffixes the 
elements of the columns of &(m) to w, x, y,... respectively are said to be 
obtained by developing the block (w, X, y,...) by using Ai( 
Now letfbe a function defined on the blocks of a (v, m, 1)-configuration 
with values in the set (0, 1, 2 ,..., m - 1). Let (mu, m, l), denote the set of 
all blocks obtained by developing each block in f-‘(i) by using the 
orthogonal array A,(m) together with all the blocks of the form 
(wo > Wl 9 % ,**-, wmdl), w  E S(v). This is essentially a generalization of the 
composition method used by Bose and Shrikhande [4]. 
THEOREM 2.1. (mu, m, l)f is a (mu, m, I)-conjiguration. 
The proof of this theorem is along the same lines as that of Theorem 2.1 
of [2]. 
3. FINITE GEOMETRIES AND INEQUIVALENT DESIGNS 
Let m = pn, a prime power. Let PG(t, m) denote the projective geometry 
of dimension t based on the Galois field GF(m). Let EG(t, m) denote the 
Euclidean geometry of dimension t obtained from PG(t, m) by deleting a 
hyperplane, that is a (t - I)-dimensional flat [3]. We will call this flat the 
flat at infinity. A line in PG(t, m) either lies completely in the flat at 
infinity or intersects this flat exactly in one point. It is well known that, if 
we treat points in EG(t, m) as symbols and lines in it as blocks, then we 
get a balanced incomplete block design with 
v = mt, 




k=m, h= 1. 
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We denote this configuration by (mt, m, 1)0 . By treating the points in 
PG(t, m) as symbols and the lines in it as blocks we get a balanced 
incomplete block design with 
&fl - 1 
v= 
(mt+l - I)(mt - 1) 
m-l ’ b = (m2 - l)(m - 1) ’ 
mt - 1 y=-------, 
m-l 
k=m+l, A = 1. 
We denote this configuration by 
( 
mtfl - 1 
m-1 ,m+l,l . i 0 
The configuration (mt, m, I),, can be obtained from the configuration 
i 
mt+l - 1 
m--l ,m+l,l 1 0 
by deleting all the lines that lie in the flat at infinity and deleting from 
each of the remaining lines the point of intersection with this flat. 
LEMMA 3.1. For t 3 3, m 3 4 andfor t = 2, m > 6, m a prime power, 
there exist in EG(t, m) two triangles in perspective such that two pairs of 
corresponding sides intersect in points in EG(t, m) and the third pair of sides 
is parallel in EG(t, m). 
Proof. Let t 2 3, m 3 4. Consider three non-coplanar lines [p, a, d], 
[p, 6, e], [p, c, f] through a point p in PG(t, m). Let the corresponding 
sides of the triangles with vertices a, b, c and d, e, f which are in perspective 
from p meet in x, y, and z. We know that x, y, z lie on a line in PG(t, m). 
Let x’ be a point on the line [a, b, X] different from a, b, and X. There 
exists a line through x’ lying in the plane formed by the lines [p, a, d] and 
[p, b, e] and different from the lines [x’, p], [x’, x, a, b], [x’, d], [x’, e] and 
intersecting the lines [p, a, d], [p, b, e] in say, p1 and pz , respectively. It 
can be easily seen that the point z does not lie on the plane formed by the 
points p, p1 , and pz . Therefore there exists a hyperplane in PG(t, m) 
passing through p1 , pz , z and not containing the point p. For, as 
p, p1 , p2 , z are independent points, let p, p1 , pz , z, u1 , up ... utmS be a set 
of t + 1 independent points spanning PG(t, m). Then the hyperplane 
generated byp, , pz , z, u1 , u2 ,..., ute3 is one such. It can be easily checked 
that such a hyperplane will not contain any of the points a, b, c, d, e, f, 
and x. The pointy also does not lie in this hyperplane, for otherwise along 
with z and y the point x also will be there. The EG(t, m) obtained by 
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removing such a hyperplane contains the triangles with vertices a, b, c and 
d, e,fin perspective fromp with the sides [a, b], [d, e] intersecting in x, the 
sides [b, c], [e,f] intersecting in y and the sides [a, c], [d,f] are parallel. 
Let t = 2, m > 6. Consider three distinct lines [p, a, d], [p, b, e], 
[p, c,f] through p in the projective plane PG(2, m). We know that the 
corresponding sides of the triangles with vertices a, b, c and d, e, f meet in 
x, y, z say, which lie on a line in PG(2, m). There exists a line [z, w] in the 
plane different from the lines [z, p], [z, x, y], [z, c, a], [z, b], [z,f, d], [z, e]. 
Obviously EG(2, m) obtained by removing the line [z, w] has the triangles 
with vertices a, b, c and d, e, f in perspective from p and two pairs of sides 
[a, b], [d, e] and [b, c], [e,f] intersecting in x and y, respectively, and the 
third pair of sides [a, c], [d,f] parallel. 
THEOREM 3.1. There exist at least two inequivalent (mq, m, l)-conjigura- 
tions for every q 3 4, m 3 4 andfor q = 3, m > 6, m a prime power. 
Proof. By Lemma 3.1 for t >, 3, m > 4 and for t = 2, m > 6, there 
exists in EG(t, m) two triangles, say with vertices a, b, c and d, e, fin 
perspective from a point p such that the lines [a, b], [d, e] meet in X, the 
lines [b, c], [e,f] in y and the lines [a, c], [d,f] are parallel. Consider this 
configuration in (mt, m, I& . 
Let F be a function defined on the blocks of (mt, m, l)0 with values in the 
set (0, 1, 2 ,..., m - 1) such that F takes the value zero on each of the lines 
[a, b, x], [d, e, x], [p, a, d], [p, b, e] and the value one on each of the lines 
[b, c, y], [a, c], [e,f, y], [d,f], [p, c,f] and any value elsewhere. We show 
that (mt+l, m, I),, and (mt+l, m, l)F are inequivalent configurations. 
Let 0 < i < m - 1. There is a unique column in A,(m) which contains 
0 in the first position and i in the second position. Let j be the symbol in 
the third position in this column. Clearly i # j. Again, there is a unique 
column in A,(m) that contains 0 in the first position and j in the second 
position. Let h be the element in the third position in this column. Clearly 
j # h. 
We speak of blocks in (mt-+l, m, l)F as lines. The lines [a,, b, , x0], 
[d, , e, , x,,], [p,, , a,, , d,], [p,, , b, , eo] which are developments of the 
corresponding lines [a, b, x], [d, e, x], [p, a, d], [p, b, e] by the first column 
of A,(m) are in (mt+l, m, l)F. Also, the lines [b, , ci , yj], [a,, , ci], 
[pO , ci ,A] which are developments of the corresponding lines [b, c, y], 
[a, c], [p, c,f] by the column in a,(m) which has 0, i, j, respectively, in 
the first, second, and third positions, are in (mtfl, m, l)F. Similarly, the 
lines [e. ,A , yh], [d,, ,A] which are developments of the lines [e,f, y], 
[d, f] by the column in A,(m) which has 0, j, h, respectively, in the first, 
second, and third positions are in (mt+l, m, 1)r. 
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In (mt+l, m, l)F , triangles with vertices u,, , b, , ci and d, , e, , fi are in 
perspective from the point p0 . The sides [a, , b, , x0] and [d, , e,, , x0] meet 
in x0 . But the sides [b,, , ci , JJJ and [e, ,f;: , J+J are parallel as yi # yh . 
Also the sides [a,, , ci] and [d, ,fi] are clearly parallel as [a, c] and [d,f] 
were parallel in (mt, m, l),, . Therefore, we have in (mt+l, m, l)F two 
triangles in perspective with one pair of corresponding sides intersecting 
in a point in (mt+l, m, l)F and the other two pairs of corresponding sides 
being parallel in (mt+l, m, l)F . 
But such a situation does not occur in (mt+‘, m, I)O. For any two 
triangles in perspective in (mt+‘, m, I),, may be thought of as in 
PG(t + 1, m). Then the corresponding sides meet in a line in PG(t + 1, m). 
Now if this line is in the flat at infinity then all the three pairs of 
corresponding sides are parallel in EG(t + 1, m) and hence in (mt+l, m, I),, . 
If not, then this line meets the flat at infinity in precisely one point. Now, 
if this point is different from the three points of intersections of the three 
pairs of corresponding sides then still all these three pairs of corresponding 
sides are intersecting in EG(t + 1, m) and so in (mtfl, m, l),, . If this point 
of intersection happens to be the point of intersection of one pair of 
corresponding sides then only this pair becomes parallel in EG(t + 1, m) 
while the other two pairs are still intersecting. 
An equivalence preserves the property of intersection of lines. Therefore, 
it follows that (mttl, m, I)0 and (mt+l, m, l)F are not equivalent configura- 
tions. 
4. ON THE NUMBER OF INEQUIVALENT DESIGNS 
LEMMA 4.1. Let m be a prime power. Let f and g be two functions 
defined on the blocks of a (v, m, I)-configuration with values in the set 
C-4 1, L., m - 1). Iff # g, then (mu, m, l)f and (mu, m, l), are distinct. 
LEMMA 4.2. Let m be aprimepower. Let (v, m, 1) and (v, m, 1) be two 
distinct configurations and let f and g be functions defined on the blocks of 
(v, m, 1) and on the blocks of (v, m, l), respectively, with values in the set 
(0, 1, L-7 m - 1). Then (mu, m, 1)1 and (mu, m, l)g are distinct. 
The proofs of these two lemmas are along the same lines as the proofs 
of Lemma 3.1 and Lemma 3.2 of 121. 
Let m be a prime power. Let D(t) and I(t) denote the number of distinct 
and the number of inequivalent (m*, m, I)-configurations, respectively. 
Obviously, 
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From Lemma 4.1 and Lemma 4.2 it follows that 
D(t) >, mB’t-l’D(t - l), 
where B(t - 1) denotes the number of blocks in a (mt-l, m, 1). As 
B(1) = 1, we get 
)@(t) 
z(r) 3 (m”) ! > 
where 
t-1 
$40 = c wd 
h=l 
= j$ mrFi;- 1) 
m((m”)“-’ - 1) mt-l - 1 
(m - 1)2 - (m - 1)” . 
We have (m”)! = r(mt + I), where r(x) is the Euler’s Gamma function. 
Using Stirling’s approximation for the Gamma function, which is 
T(x) = xx-+e-” d/2;-, (1 + O(l)), 
we get the following result: 
THEOREM 4.1. D(t) > rn*tt) where 
+(t) = mW)“-l - 1) mt-1 - 1 
(m - 1)2 - (m - I)” 
and hence lim,,, Z(t) = co. 
REMARK. The asymptotic behavior of D(t) and hence that of Z(t) can 
be improved by using a larger number of mutually distinct orthogonal 
arrays on m symbols instead of just m mutually distinct orthogonal 
arrays i&(m). The family (Ai( of mutually distinct orthogonal arrays 
on m symbols can be enlarged. 
ACKNOWLEDGMENT 
The author wishes to express her sincere thanks to Professor S. S. Shrikhande for 
his valuable guidance during the preparation of this paper. 
INEQUIVALENT BALANCED INCOMPLETE BLOCK DESIGNS, II 267 
REFERENCES 
1. E. F. ASSMUS, JR., AND H. F. MATTSON, On the number of inequivalent triple 
systems, J. Combinatorial Theory 1 (1966), 301-305. 
2. V. N. BHAT, On inequivalent balanced incomplete block designs, I, J. Combinatorial 
Theory 6 (1969), 412-420. 
3. R. C. BOSE, On the construction of balanced incomplete block designs, Ann. Eugenics 
9 (1939), 353-399. 
4. R. C. BOSE AND S. S. SHRIKHANDE, On the composition of balanced incomplete 
block designs, Canad. J. Math. 12 (1960), 177-188. 
5. C. R. RAO, On a class of arrangements, Proc. Edinburgh Math. Sot. Ser. 2,8(1947-50), 
119-125. 
6. H. J. RYSER, “Combinatorial Mathematics” (Cants Monograph 14) Wiley, New 
York, 1963. 
7. A. SEDENBERG, “Lectures in Projective Geometry,” Van Nostrand, Princeton, 
N.J., 1962. 
